Hard x-ray attosecond Compton streak camera and SPIDER 
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We formulate an analytic, semi-relativistic theory of an attosecond Compton streak camera and 
SPIDER (spectral phase interferometry for direct electric-field reconstruction) - proposing two new 
methods of measuring the duration of an hard x-ray pulse without fundamental restrictions on 
the measurement accuracy. Our approach is based on the generalization of the Furry picture and 
the theory of monochromatic photon scattering by a bound electron in the presence of a strong 
laser field. The resulting scheme has a simple structure and leads to a closed-form expression for 
the Compton ionization amplitude. We investigate Compton electron interference in the separable 
Coulomb- Volkov continuum with both Coulomb and laser fields treated non-perturbatively. Using 
a hydrogen atom as an example, we focus on the energy-resolved spectra of Compton electrons and 
methods for complete characterization of attosecond hard x-ray pulses. 



PACS numbers: 32.90.+a, 34.10.+X, 34.90.+q 



Introduction. — Attosecond science began in the 21st 
century starting with the experiment [l[ where a train 
of 250-attosecond radiation pulses was obtained, and the 
measurement which indicated a soft-x-ray pulse du- 
ration of 650±150 attoseconds (asec). Fundamental to 
the process, the generated attosecond pulses are syn- 
chronized with the infrared field. This very precise syn- 
chronization between the attosecond pulse and an intense 
laser field is prominent in attosecond science because the 
infrared field can provide the nonlincarity needed for at- 
tosecond measurement of attosecond pulses [H, [H, H| of 
attosecond phenomena inphysics, chemistry, and tech- 
nology, see, e.g., Refs. [1, 0|- 

Recent developments in ultrafast hard x-ray sources 
Q demonstrate that it is technically feasible to gener- 
ate x-ray attosecond pulses in Angstrom wavelength range 
0; E3, El with free electron lasers (FELs) . At the very 
heart of these proposals is the temporal synchronization 
scheme between FEL and an external laser, the so-called 
seeded attosecond x-ray radiation [lfj | . It is important to 
consider how the attosecond streak camera and SPIDER 
can be generalized to the hard x-ray range where there 
will be unexplored physical phenomena with dynamic re- 
sponse on the attosecond time scale. 

We analyze one such process - Compton ionization. 
The relative contributions of photo- and Compton ioniza- 
tion are sensitive to the incident photon energy Ml and 
ionization potential I p . In the case of a weakly bound 
electron (I v <g; Ml), Compton ionization prevails at (see, 
e.g., Ref. EE) 



Ml > 3(Z a ) 8 / 7 keV, 



(1) 



where Z a denotes the exponential coefficient in the ini- 



tial electronic wavefunction 1 \i) oc exp (— Z a r). There- 
fore, Compton probe spectroscopy becomes feasible for 
hard x-rays where photoionization becomes less impor- 
tant. Transferring the ideas of the attosecond streak 
camera and SPIDER to laser-assisted Compton ioniza- 
tion is not trivial. The photon is scattered, not absorbed, 
by the weakly bound electron. Theoretical descriptions 
of the Compton ionization are also quite distinct from 
photoionization (see diagrams in Fig. 1). However, in 
spite of the differences we will show that the Compton 
electron contains all phase information on the incident 
pulse provided we select the momentum of the scattered 
photon. 

Starting with an ah initio method, we develop a the- 
oretical approach to describe laser-assisted attosecond 
Compton ionization. To obtain the appropriate semi- 
relativistic -matrix element, we include the separable 
Coulomb- Volkov continuum [13[ into the Furry represen- 
tation [3] and generalize the theory [l5[ of monochro- 
matic photon scattering by a bound electron (more de- 
tails are presented in Fig. 1 and explained below). Next, 
we analyze the attosecond Compton streak camera and 
SPIDER. We show that Compton electrons spectra de- 
pend on the phase of the laser field relative to the hard 
x-ray attosecond pulse, just as in the usual soft x-ray 
case [1, 0, Thus, from the spectrum of Compton elec- 
trons the relative phase of all frequency components of 
the attosecond pulse can be determined. Combined with 
its spectrum, which can be measured conventionally, the 
pulse is fully characterized. 

Theory. — As it is well known from traditional quan- 
tum electrodynamics, a general solution of Maxwell equa- 
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1 Unless stated otherwise, the Hartree atomic units (|e| = m e 
h = 1 and the velocity of light c Ril37.036) are used below. 
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tion can be represented in the form of a superposition of 
plane waves. If electromagnetic field is confined to a cubic 
box of volume V, the photon momentum k can have only 
discrete values, k n ~ nV^ 1 ^ 3 (n = 0, ± 1,± 2,...). The set 
k n approaches a continuum when V — ► oo; thus, the sum 
over k n transforms into a four-dimensional Fourier inte- 
gral. To describe the attosecond incident photon field, 
we employ the following general representation: 



Ai(r,<) = ei 



d 3 c 



, ik^r— iOj t 



,(2) 



where ei is the polarization vector, and Q[ are mo- 
menta and energies of the incoming photons, Q[ = Qi+lo, 
ill is the central frequency, k' x = ki + q, k[ = £l[/c, and 
Ck'fi' is the photon annihilation operator. 

Now we define the generally unknown function Q(q, lo). 
We confine ourselves to the experimental setup where the 
direction of the momentum k' x is fixed. In this geometry, 
Eq. ([2]) contains only one-dimensional integral over q. 
Integration in the -matrix leads to 5-functions, one 
of which fixes the parameter to. Having fixed lo, we also 
set the momentum k' 1; i.e., remove the integral over q. 
Now we select the initial x-ray pulse as a sum of linearly 
chirped Gaussians with a characteristic temporal dura- 
tion r (cf. with the case of attosecond photoionization 
0), 

A 1 (T,t)= ei DcW f°° ^C^e^-^dto, (3) 



where the general attosecond interference factor R(lo) is 
determined by the replica weights Cfc as 



R(u) = e 



fee 



(4) 



vector E 2 is along the x axis. The vector potential A^(i) 
and electric field (i ) = — (1/c) dA^ (t)/dt are turned on 
adiabatically at t — > —00 and turned off at t — > 00 (i.e., 
5^+0). 

We will further consider semi-relativistic Compton ion- 
ization. A closed-form expression is available for the 
transition matrix element, provided that weakly bound 
electrons, I p /^l[ <§C 1, semi-relativistic photon energies, 
f^i/c 2 <C 1, and Z a /c <C 1 are assumed. Following the 
approach originally developed for laser-free monochro- 
matic x-ray scattering [HI ], one can obtain a first-order 
(2) 

approximation for the S\ t -matrix. In the absence of the 
IR field, at the non-relativistic photon energies 



S 



(2) 
fi 



(2n) 5 / 2 iDR(Lo)Wl fi (p), 



(7) 



37C/i(p) w (ei • e 2 ) j== , (8) 



uji =p 2 /2 + ip + fi 2 -^i, 



(9) 



where p is the asymptotic value of Compton electron 
momentum at infinity. 

The six-fold differential probability of laser-assisted 
Compton ionization is then given by 

' N} -^l,.^^?^|Mc omp (p)| 2 ,(10) 



d P do e dn 2 do 2 Comp c 3 

where dO e = sm9 e d9 e dip e and d0 2 = sm8 2 d9 2 dLp 2 are 
the elements of solid angles containing vectors p and k 2 . 
We can express the amplitude 97lcomp(p) m terms of the 
IR-field-free amplitudes as: 



time of the replica maxima, D 



where tk is 

V~ 1 Aqt^/1 — z£, Ao is the amplitude of the pulse, and £ 
is the dimensionless chirp. Eqs. ^ and ([J| describe a 
set of attosecond pulses with the bandwidth invariant to 
the dimensionless chirp £. The individual pulse duration 
is tfwhm 



2rVm2VT+F- 
Without loss of generality, we can fix the momentum 
of the final photon (the direction and frequency), so the 
scattered photon field is presented by a single plane wave, 



A 2 (r,i) = e 2 c 



2tt 



iU.2r — i£1,2t 



(5) 



where k 2 and tt 2 are the momentum and energy of the 
outgoing photon, fc 2 = il 2 /c and is the creation 

operator. 

Treating the IR laser field classically in the dipole ap- 
proximation, we define its vector potential as 



Ai(t) 



c 

Wo 



Ei sin(o;o*) + E 2 cos(woi) 



-s\t\ 



(6) 



where loq is the laser field frequency, the electrical field 
component Ei is along the Cartesian z axis, while the 



m,n— — 00 

x e- in ** J m {J(i - Mi)3 n (,tf\ (11) 
lo = Ll>2 = lui + [2(^#i + Ji 2 + m) + n]LOo- (12) 



The argument of Bessel functions J m (x) in Eq. (fTTj) 
depends on .-#1^2 = E 2 2 /(2coo) 3 ■ In the geometry, 
where two parameters JV\ t2 = p • ~Ei. 2 /lOq are not zero 
simultaneously, the angle tpo is defined by the equa- 
tions cost^o = jYi/jY and sint^o = — Jfa/^V, where 

the sum over n in ITTI) 



JY = ^J,jV 2 + Jf 2 2 ; at Jf ia 
tends to unity. 

Applications. — There are many possibilities for mea- 
surement because Compton spectra depend on the laser 
polarization and Compton scattering geometry. We illus- 
trate the general result (JTOJ)- (H3) in the case of a linearly 
polarized laser field: E^ = Ei and E 2 = in Eq. ([6]); 
the laser wavelength is 800 nm. It should be pointed out 
that in the hard x-ray scattering regime, due to approxi- 
mate momentum conservation p w k^ — k 2 , and outgoing 
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continuum electron will preferably appear along k' x — k 2 . 
Accordingly, we choose the incoming x-ray polarization 
along the Cartesian z axis and use the scattering geom- 
etry where 9 e = and 6* 2 = = it. 

We consider Compton ionization by an isolated at- 
tosecond x-ray pulse and by two replicas of the same 
pulse; the central frequency of incident photon is f2i=8 
keV. The hydrogenic Is state is chosen as the initial elec- 
tronic bound state. Assuming that the incoming photon 
is unpolarized, we average the probability of Compton 
ionization over its polarization and sum the probability 
over polarizations of the outgoing photon, i.e., the term 
(ei-e 2 ) 2 inEq. (g]) is to be substituted by (1 + cos 2 6)/2. 

In Figs. 2 and 3 we report the energy-resolved spec- 
tra of Compton electrons at the laser field intensity 
I = 2 x 10 12 W/cm 2 . The scattered photon energy is 
fixed, f2 2 =7757 eV. This energy has been chosen in ac- 
cordance with the value of hydrogen ionization potential 
and the Compton's formulas [l7T ] 

r» 2 = n x /(i + n) » (1 - E e « n(i - fi)Q u (13) 

where fx = (Sli/c 2 )(l — cos 6). 

As in the photoelectron streak camera, the strong laser 
field distorts the Compton electron spectrum on a sub- 
cycle time scale. Fig. 2 shows the Compton electron 
spectra which are produced by a single x-ray pulses of 
100 asec FWHM and different chirps. Times of the pulse 
maxima are ti=0 (curves marked by la, lb, and lc) and 
t\ = 7r/2a>o (curves marked by 2a, 2b, and 2bc). Appro- 
priate chirps are: £=0 (curves la and 2a), £=3 (curves lb 
and 2b), and £=-3 (curves lc and 2bc). One can observe 
the distinct dependence of spectral maximum position 
and its amplitude on the t\ and absolute value of the 
chirp. The maximum speed of streaking occurs at the 
time where Ei smiuj^t) is at an extremum. It is reflected 
in chirp sign dependence of the spectra: in the case of 
<i=0, at different signs of the chirp, we can clearly see the 
difference between spectra (lb and lc), while the spectra 
calculated at t\ = tt/2loo and £ = ±3 are identical (curve 
2bc). 

The energy shift between electron wave packets, 
needed for a complete phase measurements, can be in- 
duced by laser-assisted Compton ionization. To demon- 
strate the Compton SPIDER, we show in Fig. 3 the elec- 
tron spectra generated by two replicas of an attosecond 
pulse, each of 100 asec FWHM. Times of the pulse max- 
ima are t\=0 and i 2 — tt/2luq. Owing to time separation 
tt/2luq between replicas, interference spectral fringes of 
periodicity ps 2wo are observed. The periodicity depends 
slightly on the chirp and Compton electron energy, as 
is illustrated in the two insets. When the pulse is posi- 
tively chirped, the fringes are observed to shift to lower 



energies on the low-energy side of the spectrum, and to 
higher energies on the high-energy side. To reconstruct 
the spectral phase from the Compton electron spectrum, 
one use the same algorithm as in photoelectron SPIDER 

an. 

The practical requirements for measuring the momen- 
tum of the scattered photon are not severe. We esti- 
mate sensitivity of Compton electron spectra to the un- 
certainty <5k in the measurement of the scattered photon 
momentum k 2 . In the most probable scattering geome- 
try p sa kj — k 2 . Then, broadening of the Is Compton 
ionization spectrum is determined by the amplitude 9Jli s : 

m ls = m^(i + A), A~sk/k 2 , (14) 

where SDl^ is the Compton amplitude, calculated assum- 
ing an exact measurement of k 2 . 

Conclusion. — We have developed a semi-relativistic 
analytical theory of the laser-assisted attosecond Comp- 
ton ionization. Strong laser electric field acts as an 
ultrafast phase modulator for the Compton electron 
wavepackets. The theory is applicable for arbitrary laser- 
field polarizations and x-ray pulse parameters. If the x- 
ray pulse duration falls below one period of the laser field, 
two new methods for measuring hard x-ray pulse dura- 
tions - attosecond Compton streak camera and SPIDER 

- are feasible. They require us to measure the scattered 
photon and electron in coincidence. If the scattered X- 
ray pulse is accurately measured, then similar to the pho- 
toelectron SPIDER, there are no fundamental limits to 
the resolution of attosecond Compton measurements. 

Once the x-ray pulse (s) is characterized using a well 
understood atom such as hydrogen, a new frontier of at- 
tosecond science will be to utilize the Compton Streak 
Camera to measure unknown dynamics in target systems 

- nuclei, atoms, molecules or solids - just as the attosec- 
ond streak camera is used to measure dynamics initiated 
by attosecond XUV pulses or by recollision 

High-brilliance synchrotron radiation sources permit 
very high momentum resolution (~ 20 meV at 10 keV 
[HI) in Compton scattering experiments. This high pre- 
cision in turn permits accurate measurements of the elec- 
tron momentum density of atoms, molecules, and ex- 
tended solids, stimulating developments of the theory of 
many-body systems [lj|. Once attosecond x-ray pulses 
are produced and synchronized to other optical sources, 
they will become powerful tools to follow structure dy- 
namics, each delay produces a single frame in an attosec- 
ond movie. 

We appreciate the valuable discussion with A. A. Zho- 
lents. This work has been partially supported by NSERC 
Grant SRO 5796-299409/03. 
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FIG. 1: (color online) . Compton ionization diagrams included 
in our treatment. Notations 1 and 2 correspond to the initial 
and final electron and photon states. The four-vectors 0:1,2 = 
(i"l,2, 1*1,2)- Dashed lines correspond to photon states, and 
solid lines describe electron states, tpi(xi) is the laser-free 
electron wavefunction, and (xi, x%) is the electron Green 
function. ip2 (22) is electron wavefunction in the separable 
Coulomb- Volkov continuum. 
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FIG. 2: (color online). Compton streak camera. Electron 
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